We consider the problem of modeling dynamical effects of impact of an elastic body on a flexible beam. We derive a nonlinear integral equation by using the Hertz law of impact in conjunction with the beam equation. This equation does not admit a closed form solution. We demonstrate the existence of solutions, derive a reliable numerical method for computing solutions, and compare the numerical results with those obtained by others.
Introduction 2 Formulation of the Problem
High precision control of robotic manipulators has become increasingly important in a variety of industrial applications, e.g. laser beam technology, semiconductor safer manufacturing etc. This requires paying extra attention to the usual dynamical effects as well as taking into consideration otherwise ignored features such as dynamical effects due to impact. This paper focuses on the latter aspect.
For the sake of simplicity, we only consider an elastic beam subject to impact forces occuring from contact with an elastic body. Here we restrict attention to the problem of modeling, existence of solutions to the model, and the computational aspects. Issues such as how to control a manipulator to minimize the disturbance effects due to impact will be addressed in the future. Numerous attempts have been made to accurately model the dynamical effects of impact in robotics-oriented a p plications in the recent years [1, 2, 3] . Consideration of displacement and use of Hertz's law of impact at the region of contact seems to be the most successful approach [4] . For our purpose, the impact problem can be formulated as follows; a beam is struck transversely by a spherical mass m with initial moving velocity UO. We further assume that the Hertz law of impact is valid i.e., which is determined by the local geometry (i.e. the radius of curvature) and material properties of impacting objects. The relative approach is the difference between the displacement of the beam and the contacting body, measured from the instant of initial contact. Hence, a = s ( t ) -w ( z + , t ) , (2.2) where w ( z * , t ) is deflection of the beam at the point of contact c*, s(t) is the displacement of the ball under of the contact force f ( t ) , and is given by,
i.From the equations (2.3) , (2.1) and (2.2), we obtain the nonlinear integral equation,
1'
The nonlinear term K[f(t)]"l", precludes any closed form solution for (2.4). Before we can carry out further analysis, it is necessary to represent the deflection of the beam at the point of contact. 
(3.2) Various boundary conditions of interest can be described
where Bi is a linear homogeneous differential operator of maximum order 3.
as
The concentrated load f ( t ) is obtained as a limiting process of a uniformly distributed load f(z, t) over a small range 26 of the beam. Thus, by letting f(z, t ) 00 while 6 -. 0, the contact force f ( t ) is obtained by,
With the aid of a Green's function [9] , the solution of(3.1) can be expressed as an integral . 
iu) For the initial condition, it satisfies
Since the PDE (3.1)-(3.3) is self-adjoint, G(z, C; t ) IS symmetric with respect to 2 and C, and can be expressed as an eigenfunction expansion. Therefore, it can be shown that the Green's function for the PDE (3.1)-(3.3) can be expressed in the form (we refer the reader to [lo] for det a w , where H ( t ) is the unit step function, {wk(Z)}El is an orthonormal basis of eigenfunctions and { w k } r = , are the corresponding eigenvalues. It is easy to show that a r e p resentation of the solution to the PDE (3.1)-(3.3) in terms of the Green's function C(z, C; 1) is f ' f l For the impact problem, since the contact can be treated as point contact, the contact force has the special form (3.4). Hence equation (3.8)can be further simplified as
For convenience, we write G(z*; t ) instead of G(z*, z*; t) in the rest of the paper. From the equations (2.4) and (3.9), the Hertz equation will be
Analysis of the Hertz Equation
Though , to our knowledge, the Hertz equation (3.10) has not been analyzed in detail in the literature, some a p proximation methods for solving it have been presented in some detail. Our viewpoint is that theoretical analysis is necessary for both validation of this equation and develop ing efficient numerical methods. The contraction mapping technique is employed here to show that a unique solution exists for the Hertz equation. Before invoking the contraction mapping theorem, some simplifications are necessary. Let, L ( t ) = t + m G ( z * ; t ) , Vt 2 0. Let N > 0 be a suficiently large constant. Let 6 > 0 be sniall enough such that, 
f is a jized point of P over B [O,6] . This conipletes our proof;
The above theorem shows that a unique solution exists
over t E [0, 61 for some small 6. Our interest is to find the impact force variation during the entire contact period.
The following theorem will establish this global result. -+ 1' P f ( r ) G ( z * ; t + 6 -r)dr -+ i6 P f ( r ) G ( z * ; For such E , 
5

Numerical Methods
Some approximation methods to solve the equation (4.3) have been proposed in the literature. One of them is the energy method [5] . It is simple and fast, although less accurate than the small-increment method. Hence, the results obtained by the energy method can be used as a good initial condition for the more accurate methods. The general solution by the energy method has a sinusoidal form:
where, TO is the impact duration calculated from the energy method, and KO is a constant. Inspired by the contraction mapping theorem, we develop a numerical method using the successive Picard approximations;
fo., Pfo, P P f o , . . . a., where the initial condition fo is obtamed from the energy method, and P is the contraction operator defined by, Fig. 2 shows the solution obtained from the energy method, and gives the force magnitude and duration very close to that obtained by using small-increment method, although the force shape differed in some ways. In order to apply the Picard approximation method to this case, we need to first show that the Green's function associated with this case is uniformly bounded. Details are given in Appendix A. The result obtained by 3-step picard approximation is very good, and the amount of time it takes is just 1/3 of the small-increment method. In example 2, impact is at the tip of a cantilevered beam. We see that fairly large errors occured in using the energy method. On the other hand, the new numerical method gives excellent results even after just one iteration, which has an explicit solution. Fig.3 also shows the fast convergence of this algorithm. Again, the Green's function for this case is uniformly bounded as proven in Appendix B.
Conclusion
We have established the existence and uniqueness of solutions of the Hertz equation. A new numerical method is devised based upon the contraction mapping theorem, and various examples have illustrated the usefulness of this method. For simplicity, this paper has dealt solely with the case of a beam. Extensions of the method to multiple space dimensions e.g. plates, are feasible.
Appendix A
For the free vibration, the deflection of a beam is governed by the PDE, 
The general solution can be expressed as where the c1 to c4 are constants to be determined by boundary conditions (A.4). After simplifications, the beam characteristic equation will be
The solutions of equation(A.6) are @ k l = k r , k = 1 , 2 , . . 
Appendix B
The PDE is same as in equation ( 
It is easy to show that
= siii2PklcoshPkl, For the cantilevered beam, the differential operator is also self-adjoint. Thus, the proof that the Green's function is uniformly bounded is similar to lemma A.l.
